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Abstract 

In the frame of Hamilton-Jacobi method, the back-reactions of the radiating particles together 
with the total entropy change of the whole system are investigated. The emission probability from 
this processing is found to be equivalent to the null geodesic method. However the total entropy 
of the system, particles and black hole, is increased yet very little, which is a little different. This 
method can be applied to any sort of horizons and particles without a specific choice of (regular- 
across-the-horizon) coordinates. Its physical meaning is more obvious: the negative energy one of a 
virtual particle pair is absorbed by the black hole, resulting in the temperature, electric potential and 
angular velocity increase; then the black hole amount of heat, electric charge and angular momentum 
can spontaneously transfer to the positive energy particle; when obtaining enough energy, it can 
escape away to infinity, visible to distant observers. 
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I. INTRODUCTION 

Using the quantum field theory in curved spacetime, Hawking [l| found that the collapsing 
black hole will lead, at late times, to a radiation of particles in all modes of the quantum 
field, with characteristic thermal spectrum at a temperature l/SvrM. It is generally believed 
that the pair productions occur inside and outside the horizon of the black hole and tunnel 
across the horizon. In the late time, with knowledge of Feyman's [2^ path integral method in 
the quantum mechanics, he found jsl that the probability of emission particles from the past 
horizon is not the same as the probability of absorption into the future horizon. The ratio 
for the Schwarzschild black hole between them is of the form Tout = e~^^^'^^^Tin] for Reissner- 
Nordstrom black hole is Tout = e'^^-'^^+'^/^^Tin, for Kerr black hole is Tout = e-(^-™^+)/^^ 
These discovers have excited a lot of interest M-o, 



Being enlightened by path- integral method, K. Srinivasan a/ ^-gJ used Landau's j3] com- 
plex paths method to deduce radiance without using the Kruskal extension. They treated the 
radiance as tunnelling across the singularity and the wave functions as semiclassical approxima- 
tion modes exp[|J(r, t)], where I is the classical action function which can be expanded by h/i. 
To the lowest order, I satisfies the relativistic Hamilton- Jacobi equation which gives a solution 
I± = —Et±W{r) + J(x*), where "+" is of outgoing particles and "— " of incoming particles. / 
has a pole at horizon r = r_|_ and the probabilities of the particles Tout ~ e~^^™^+ , T^n ~ e~^^™^- . 



This complex-path method has 



jeen known as Hamilton- Jacobi method after developed by 



Angheben et al js] and man et al ^, [l^. To ensure the probability is normalized, they used 
the boundary conditions for incoming particles which fall behind the horizon along classically 
permitted trajectories, i.e. / = —Et + W{r) + J{x^) + where i^T is a complex normalizing 
constant. So the total probability is 

r = r,,i~e-2P-^+-i'"^-i. (1.1) 

However this method can only be used under the condition that the background spacetime is 
considered fixed in which the energy conservation is not enforced during the emission process. 
Some efforts on extension this method to dynamic geometry have been done [ill, [3] • But these 
generalizations have some crudeness. 

Using usual thermodynamic way, we divide the emission process into many infinite small 
segments, every one of which can be treated as a quasi-static process and, the background 
spacetime can be treated as fixed, there exists equilibrium temperature. Thus in every seg- 
ment we can use Hamilton- Jacobi method to handle. In different segment the instantaneous 
event horizon is different. We obtain each action Jj in every tiny time piece after the particle 
tunneled across the instantaneous horizon. To get the last action J, the change AJj between 
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the instantaneous actions should be considered. Then / = ^ AJj ~ J dl . After integrating 
over the whole process, we obtain the thermal spectrum incorporating the effects of the back- 
reaction on the background spacetime, which is the same as that obtained by the null geodesic 



method proposed in |13|. 



There are two different approaches that are used to model tunneling process. The first 
method developed was the null geodesic method used by Parikh and Wilczek|l3|. Another 
one is the Hamilton- Jacobi method. There have a couple of unpleasant features in the null 
geodesic method: (i) it strongly relies on a very specific choice of (regular-across-the-horizon) 
coordinates, and (ii) it turns upside down the relationship between Hawking's radiation and 
back- reaction IJ]. The Hamilton- Jacobi method can cope with both issues. Therefore our 
method can be applied to any sort of horizon and particles. 

We also study the change of total entropy of the system including black hole and radiating 
particles by investigating that where the particle energy comes from. Then we know why 
the entropy change of the black hole can be obtain by probing its radiating particles. Our 
result is that the difference of total entropy AS is very small but nonzero, which has some 
difference from ref. [I3j in which the difference of total entropy AS* = 0. As in ref. 15|], the 
authors argue that the null geodesic method is only suitable for the reversible process and the 
factual emission process is irreversible which is possible to lose information. Here we argue 
that Hamilton- Jacobi method can be suitable for the irreversible process and there are very 
few information lost in the emitting process. 

Our paper is outlined as follows. Section II is for neutral scalar particles radiation from 
Reissner-Nordstrom black hole and the entropy change of the black hole and radiating particles.. 
Section HI is devoted for charged scalar particles radiating from Reissner-Nordstrom black 
hole. Section IV is used discussing the charged scalar particles radiating from Kerr-Newman 
black hole. In section V, charged Dirac particles radiation from Kerr-Newman black hole is 
investigated. Section VI is a summary. 

II. HAWKING RADIATION FOR REISSNER-NORDSTROM BLACK HOLE FROM 
NEUTRAL SCALAR PARTICLES RADIATION 

The line element for the charged Reissner-Nordstrom back hole is described by 
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ds^ = -^dt^ + -^dr' + r\de-' + sin^ ^V), (2-1) 
A(r) 

where A(r) = — 2Mr + Q^. When a neutral particle with the energy E tunnels out across 
the horizon, the black hole mass and electric charge M would be decreased to M — i^^ due to 
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energy conservation, that is to say, the background spacetime is affected by the back-reaction of 
the emitting particle, g^'^{r{M)) — )■ g^'^{r{M — E)). However, because of quantum uncertainty 
principle, it seems too crude that the approximation of a discontinuous jump from M to M — E 
for the black hole mass. Rather, it will require a "gradual" transition (relative to whatever 
time scale is characteristic of the radiation process). Therefore we divide this process into 
many infinite small segments, during ith one of which the particle obtains energy Aui, where 
Aui = Ui — Ui-i ^ E. These segments can be treat as many quasi-static processes and can be 
handled by Hamilton- Jacobi method. 

A particle of instantaneous energy Ui will effectively "sees" a spacetime metric of the form 

^ _ A(r(M- u,)) ^^, ^ _^r^ ^^^2 ^ ^2(^^2 ^ ^^^2 ^^^2^ (2.2) 

r'' A(r(M — cuj) 

In the following subsection, we use Hamilton- Jacobi method to study Hawking radiation in- 
corporating back-reaction as tunneling, then the entropy change of the whole system of black 
hole and radiating particles in the next subsection. 



A. The tunneling process 

Now we divide the tunneling time t into infinite small pieces ti and use Hamilton- Jacobi 
method to study these infinite small processes. The WKB approximation wave function is 

r, e, if) = exp l^hiU, r, 6, cp) + r, 9, y^) + 0{h)\^ . (2.3) 

The Klein- Gordon equation is 

, , d, fy/-g{r{M-oj,)) g^-'iriM - a;,))^.^) - = 0. (2.4) 

Substituting Eq. (12. 3p into (12. 4p . to leading order in h, one get the following relativistic 
Hamilton- Jacobi equation 

g^^iriM - uJi)){d^hdJi) + = 0, (2.5) 

where there exists a solution in the form 

li = -Uiti + Wi{r) + Ji{e, ip) + Ki, (2.6) 

where Ki is a complex constant normalizing the action function. Substituting Eq. (12. 2 p into 
f l23|) yields 
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where Jp = dpii, p = 6,(p. One solution of above corresponds to the scalar particles moving 
away from the black hole (i.e. "+" outgoing) and the other solution corresponds to particles 
moving toward the black hole (i.e. "— " incoming). Imaginary parts of the action can only 
come from the vicinity of the pole at the horizon. Integrating around the pole, the imaginary 
parts are 

vrr^f (M - coi) 



Im/i± = lmWi±{r) = ±f{M - w,) 00, + ImK, , /(M - cOi 



(2.7) 



where r^(M — Ui) = M — Ui + a/ (M — Wj)^ — Q'^ is the instantaneous horizon. Therefore the 
action of the particle tunneled across the ith instantaneous horizon is 

h = -uj^U + if{M - Ui) u^ + Ki. (2.8) 

When the energy of the particle gradually approaches to E, its action is /. To obtain it, we 
should consider the change between the ith and {i — l)th instantaneous actions AJj 

Ali = -Aui U + if{M - UJ^) Aui + AKi . (2.9) 

Then 

/ = VA/i=/ -tdu + if{M -co) du + K . (2.10) 
Jo 

At last the imaginary part of its action can be obtained by 



Im/= / + =dLO + ImK. (2.11) 

Jo 2^{M-u)^-Q^ 



The imaginary parts of the action of tunneled particle are 



Jo 2V(M-u;)2-Q2 
= ±- [2E{M -—)-{M-E) ^{M - E)2 - Q2 + M^JM'^ - ] + lmK. 

(2.12) 

Using Eq. (11. ip . the emission probability is 

r = ^-■2^{-2E{M-§)-{M-E)^y{M-E)^-Q^+My/lVP-Q^ ) ^ gA5s-H^ (2.13) 

where ASb-h is the difference of Bekenstein-Hawking entropy of the black hole. This result 
is the same as in 13|]. In the following subsection, we study the entropy change of the whole 



system and why the emission probability ( I2.13P is related to the entropy change of the black 
hole ASb-h- 
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B. The total entropy change of the whole system 



How does the particle obtain energy? If we consider the black hole and its radiation as a 
isolated system, then the particle energy can only come from absorbing black hole's amount 
of heat Q. Because of vacuum fluctuation near the event horizon, at sometime the black hole 
temperature approaches to T'{M — Wi), which is higher than the particle temperature T'{M), 
so that amount of heat can spontaneously transfers from black hole to the particle. 

In the first segment, particle energy — ?■ c^i, the black hole entropy decreases, 

AS[ = -QjT'iM -coi), (2.14) 

where S' is the black hole entropy, T'{M - ui) = ^yJ{M - uif - Q^/r'^{M - ui). The 
particle entropy S" increases, 

AS'l = Qi/r{M), (2.15) 

and the entropy of the system increase 

A^i = AS'I + AS[ = Qi/T'{M) - Qi/T'{M - ui) > 0. (2.16) 

It shows that the radiating process is irreversible and ui is 

AuJi=uJi-0 = -T'{M -uji)AS[ . (2.17) 

It is easy to see that we can really obtain the entropy change of the black hole by probing its 
radiating particle energy and, the emission probability f l2.13p is really related to the entropy 
change of the black hole ASb-h- At the end of the first segment, the particle temperature 
approached to T\M — ui) and, for the black hole, it approached to T\M — 002)- 

In the second segment, particle energy ui — ?■ c<;2, the particle absorbs heat A(jj2 = U2 — UJ1 = 
—T'{M — (X'2)AS'2, and the increase of the system entropy is 

AS2 = AS'^ + AS'^ = Auj2/T'{M - wi) - Auj2/T'{M - ws)- (2.18) 

When the energy of the particle has approached to the black hole temperature is T(M — 
E), and the total increase of the system entropy is 

= A5i + A52 + ■ ■ ■ = Auj/T'{M) - Auj/T'{M - E) < Auj/T'{M) (2.19) 

under condition that Auji = Au2 = ■ ■ ■ = Au. Due to Au ^ E,the total increase of the 
system entropy is very small but nonzero. It is the same as in ref. 33|, but has some difference 
from ref. 13| in which AS* = {In the limit the emitted particle carries away the entire mass 



and charge of the black hole, there are exp{SB-H) states in total and the probability of findings 
a shell containing all of the mass of the black hole is proportional to exp{—SB-H))- 
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III. HAWKING RADIATION FOR REISSNER-NORDSTROM BLACK HOLE 
FROM CHARGED SCALAR PARTICLES RADIATION 



A particle of instantaneous energy uji and charge q[ will effectively sees a spacetime metric 
of the form 

= -2 + A(r(M-c..,Q-gD) ^' + 

(3.1) 

The charged Klein-Gordon equation is 
{d, - iq[A^) U-g{r{M-u,,Q-q[)) g^^{r{M -uj,,Q- q[)){d, - iq'^A ^2 

(3.2) 

where = { — {Q — q[) / r, 0, 0, 0) is the potential of the electromagnetic field of the background 
spacetime. Substituting Eq. (12. 3 p into (13. 2p . to leading order in h, one get the following 
relativistic Hamilton- Jacobi equation 

g^-'iriM -u„Q- q[)){d,hdj, + q?A,A, - 2q[A^dJ,) + u' = Q. (3.3) 

Substituting Eq. into ([33D yields 



y /\[r[M - uJi.Q - q[)) y l ^ j ^2 

Integrating around the pole, the imaginary parts are 

■Kr'HM - Ui, Q - q') ( , „\ 

(3.4) 

where K(.(M — Wj, Q — g-) = (Q — q[)/r'j^{M — Ui, Q — q[) is the instantaneous electric 
potential near the outer horizon, and r^M — Wj, Q — gO = ^ ~" + a/ (M — ^4)^ — (Q — q'iY 
is instantaneous the horizon. The action of the particle tunneled across the ith instantaneous 
horizon is 

/2 

TIT 

and the change between the ith and (i — l)th instantaneous actions A/j 

A/, = -Aa;, + 1 + (Ac^, - Ag^Vj) + AiT, , (3.6) 

2^ [M - UiY - [Q - q[Y 
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where Aq[ = q[ — ql_^. When the energy of the particle gradually approaches to E, its action 
is / 



'(0,0) 2y/{M -UJ^y -{Q -q'^)^ 



(3.7) 

Using Eq. (13. 7p . the imaginary parts of the action of tunneled particle are 



(0,0) 



2y/{M-uy-iQ-q'y 



= ±- [2EiM - -) - (M - E)^iM - EY - {Q - qf 

+M^M^ - (Q - qf - Qg + ig' ] + ImK. (3.^ 
Using Eq. (11. ip . the emission probability is 

Y ^ ^-2TT{2E{M-^)-{M-E)yJ{M-Ey-{Q-q)-i+M^M2-{Q-q)2~Qq+\q^ ) ^ ^AS 



B-H 



(3.9) 

which is the same as in [20[. 

Now turn to the acquisition of particle energy. At sometime, the black hole temperature rises 
from T'(M, Q) toT'{M -uji, Q-g^), its horizon shrinks from r^M, Q) tor^M-Wi, Q-q[), 
which lead to increase of the electric potential of the black hole, K[.(M, Q) K[(Af — wi, Q — 
q[), where T'(M - u^, Q- q[) = ^^{M - u.y - (Q - q[y/r'^{M - u,, Q- q[). Then 
the amount of heat and electric charge flow to the particle, which will lead to another further 
increase of black hole temperature and electric potential. The particle energy comes from two 
ways, absorbing black hole's internal energy and electric potential energy g^V^+. Energy Ui is 

Aui = uj,- Ui^i = -T'{M - Ui)ASl + V^Aq', , (3.10) 

where Aq'^ = g- - q--i. 



IV. HAWKING RADIATION FOR KERR-NEWMAN BLACK HOLE FROM 
CHARGED SCALAR PARTICLES RADIATION 

The "no hair" theorem stated that all information about the collapsing body was lost from 
the outside region apart from three conserved quantities: the mass, the angular momentum 
and the electric charge, the final state of most of collapsing star is Kerr-Newman black hole. 
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In the Boyer-Lindquist coordinate, its line element in four dimensional spacetime is described 
by 

,2 A 2Mr\ ,2 AMrasin^e , , 

ds^ = - [1 — df dtdip + ^dr^ 

\ J P^ A 



2Mra^ sin^ d 
P 



+p'd9' +(r' + a^+ / ) sin^ Od^', (4.1) 



with 



p-^ = r'^ + cos^ e, A = r - 2Mr + + = {r - r+)(r - r_) 



r+ = M+ ^/M^ -0? - r_ = M - v/M2 - - Q2^ (4.2) 

where M is the mass of the black hole and a = J/M is the angular momentum param- 
eter; r_ and r+ are the inner and event horizons; its electromagnetic field potential is 
Afj_ = {—Qr/p'^, 0, 0, Qr a siv? 6 / p^) . When a particle with the energy electric charge 
q and angular momentum j tunnels out across the horizon, the black hole mass, angular mo- 
mentum, and electric charge M, Q, J would be decreased to M — E, Q — q, J — j due to 
energy, electric charge and angular momentum conservation. We also divide this process into 
many infinite small segments, during the ith one of which the particle obtains energy Aui, an- 
gular momentum Aj-, where Aj^ = — These segments can be treat as many quasi-static 
processes and can be handled by Hamilton- Jacobi method. 

A particle of instantaneous energy Ui, charge g- and angular momentum will effectively 
sees a spacetime metric of the form 

_ / 2(M-..)A _ 4(M-..).a.sin'^ 0^ 

V P' J P' A[r(M-^i,Q-q',J-j;)) 

•7,^9 / 9 9 2(M — uji)raf siii^ 9\ 9^,9 , . 

+p^d9^ + ir^ + ~a\ + ^ \ sin^ Qdi^^, (4.3) 

where = ( J - j-) / (M - Wj), = + q\ cos^ ^. 

We divide tunneling time t, rotating angle into infinite small pieces tj, and use 
Hamilton- Jacobi method. Due to the energy and angular momentum conservation, its in- 
stantaneously action function must be of the form 

U = -iOiU + Wi{r) + j'.ifi + Ji{e) + Ki. (4.4) 

Taking the line element (14. 3 p into Hamilton- Jacobi equation (13. 3p . one find 



'2 



+ AA = 0, 



~2 

d'f sin' eu^ + Ji\e) + + u^d^i cos' e , (4.5) 

sm & 
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where 



q'AQ - q> 



3i= 3 — CLi sm 6. 



(4.6) 



Then the imaginary parts of the action function are 



ImJ, 



i± 



±Im 



dr- 



TC 



A 



(r2 + af)2(2}, 



A(n2r2 + A-2j;'ci,i5,) 



+ a: 



TT- 



TT- 



2(rV -M + Wi) 

2(rV -M + Wi) 

^+ + 
2(rl - M + 



Wi4- - 



*+ '2 I ~2 



+ ImKi 



Ui - 



(4.7) 



where r^(M - a;,, Q - g,', J - ][) = M - a;, + ^(M - u;,)2 - (g - g^')' " V',{M - cu^, Q - 
ql, J — i'j) = {Q — (ti)f\l + of) is the electromagnetic potential on the horizon, f2'_^(M — 
cjj, Q — J — i'j) = di/{r'^ + af ) is the dragging velocity of the horizon. 

When the energy, charge and angular momentum of the particle gradually approaches to 
E, q, j, the imaginary part of its action can be obtained by 



ImJ 



{E,q,j) 



7r- 



(0,0,0) 



2{r' -M + u] 



{dcu - V^dq' - n'^df) + Imir. 



Using Eq. (14. 8p . the imaginary parts of the action of tunnelled particle are 



ImJa 



E 



(4.8) 



±- [2E{M - -) - (M - E) y/{M-Ey-{Q-qy-d^ 
+M^M^ - (Q - qf - a2 - + ig2 ^ ~2 _ ^2 j ^ j^^^ 

where d= {J - j) / {M - E). 

Using Eq. (11. ip . the emission probability is 

Y ^ ^-2TTi^2E{M-^)-{M-E)^{M-EY-{Q-qY-a?+M^NP-{Q-qY-a?-Qq+y^+a^-a^ ) ^ gA^s- 



(4.9) 



21 



22| 



If set j = Ea for special case, then a = a, so this result is the same as in 

Now turn to the acquisition of particle energy near the horizon of Kerr-Newman black hole. 
At sometime, the black hole temperature rises from T'(M, Q, J) to T'{M — ui, Q — q[, J—j[), 
its horizon shrinks from r^(M, Q, J) to r^(M— Wi, Q—q'i, J— j[), which lead to increase of the 
electric potential and the angular velocity of the black hole, V^{M, Q, J) ^ V_l{M — ui, Q — 
q[, J-j[),n'^{M, Q, J)^Q'4M-u;,, Q-q[, J - where r{M - u,, Q-q[, J - j[) = 
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^^{M — — (Q — Qi)'^ — ct-i/ (r'^ + o-D- Then the amount of heat, electric charge and 
angular momentum flow to the particle, which will lead to another further increase of black 
hole temperature, electric potential and angular velocity. The particle energy comes from 
three ways, absorbing black hole's internal energy, electric potential energy q^V^ and rotational 
kinetic energy Q'_^_Aj'^ 



Aw, = -T'(M - uj.^AS', + VlAq', + n'^Af^ 



(4.10) 



V. HAWKING RADIATION FOR KERR-NEWMAN BLACK HOLE FROM 
CHARGED DIRAC PARTICLES TUNNELLING 



In this section, we extend the Hamilton- Jacobi method to Dirac field. The charged Dirac 
equation is 

w 

h. 



^ = 0, 



(5.1) 



with 



1, 



where 7" are the Dirac matrices and is the inverse tetrad defined by {e^7", e|^7*} = 2g'^'^ x 1. 
For the Kerr- Newman metrics in Boyer-Lindquist coordinate (14.31) . the nonzero tetrad elements 
can be taken as 



1 



2(A/-i^,)r 



A 1 
P 



P 



2(M — uji)rai sin 9 
py/A^ -a^sin'eA'' 

VA - 5f sin^ e 



psm9^/A 

where A = r'^ + dj — 2{M — Ui)r + {Q — q[Y. We employ the following ansatz for the Dirac 
field 








it 



exp [-Ii^[ti,r,e,^i)) 



exp {-U^{U,r,e,ipi)), 



( 



exp [-Iii[ti,r,e,Lpi)) 



C{ti,r,e,ipi) 




exp {-Iiiiti,r,e,(pi)), 



(5.2) 
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where "f and "J," represent the spin up and spin down cases, and ^-|- and ^4 are the eigenvectors 
of 0"^. Inserting Eqs. fl5.2p . (15 ■2p into the Dirac equation (15. ip and employing li^ = —oJiU + 
Wi{r) + j'i^Pi + Ji{9)+lmKi, to the lowest order in h we obtain 

Q'iiQ - (I'iY' 



p2 



+ elBW[{r)+uA = {), 



B 



e\AWl{r) + m5 = 0, 



p2 



+ elJde)+ief(3 



p2 



a,- sin 9 



-A 



QiiQ - Q'i)r 



-<Xj sm 



p2 



(5.3) 
(5.4) 

(5.5) 
(5.6) 



where we consider only the positive frequency contributions without loss of generality. From 
above four equations, we can obtain 

2 

'4(M- Wi)Vs2 sin^^ 



I p2 



A - 5? sin^ e 



+ {r' + ~aty- Adf sin' e 



0, 



P' 



j.^ a^sixi'e] {A-~afsm^e) 4(M - w,) Vaf (w, - ^^^^^^) sin^ ^ 



p2 



+2 j; 



./ (liiQ-(li)r~ ■ 2n\l 

-tti sm (7 ] [uJi 



P' 



Asin^^ A(A-a2sin2^) 
q'AQ - q'i)r\2{M - uji)rai 



A 



0. 



(5.7) 



After calculating the above two equations, we find 

'2 



2 I ~2\2~2 ~2 7 



A'W:\r) - (r^ + dtYuf - hfji + 4(M - co^rda^. 
+A 



I 2 2 I 2-2 2/1 -2-2 n~2 

— 5 \- u r + u a, COS u — a- sm t^ci;. 

sin 6 



0, 



which is the same as the Eq. (14. 5p . so the Hawking radiation is again recovered. The result 
can be interpreted that the black holes radiate different spin weight of particles at the same 
temperature. 



VI. SUMMARY 

In the Hamilton- Jacobi framework, we have naturally discussed Reissner-Nordstrom and 
Kerr-Newman black holes' radiance with back-reaction from neutral scalar, charged scalar and 
Dirac particles radiation. Hamilton- Jacobi method can only be used to modeling the case that 
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the background geometry is considered fixed. To handle the back-reaction of the radiating 
particles, we should first divide the radiation time into a series of infinite small pieces in which 
the small process can be a quasi-static one. Then use Hamilton-Jacobi method to obtain the 
instantaneous action of the particle tunneled across the instantaneous black hole horizon. To 
get the last action, we should find the changes between the ith and (i — l)th instantaneous 
action and sum them. The last result is the same as that obtained via the null geodesic method. 

The physical meaning is obvious in this processing. Due to vacuum fluctuation near horizon, 
a virtual particle pair is created. The negative energy particle is absorbed by the black hole, 
resulting in the black hole mass decrease, while temperature, electric potential and angular 
velocity increase. Then the black hole amount of heat, electric charge and angular momentum 
can spontaneously transfer to the positive energy particle. This process also results in the 
black hole temperature, electric potential and angular velocity further increase and further 
transfer. When the particle obtains enough energy, it can escape away to infinity, visible to 
distant observers. 

We have also studied the change of total entropy of the system including black hole and 
radiating particles and, answered that why the entropy change of the black hole can be obtain 
by probing its radiating particles. Our result is that the difference of total entropy AS is very 
small. 
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